
Early Journal Content on JSTOR, Free to Anyone in the World 

This article is one of nearly 500,000 scholarly works digitized and made freely available to everyone in 
the world by JSTOR. 

Known as the Early Journal Content, this set of works include research articles, news, letters, and other 
writings published in more than 200 of the oldest leading academic journals. The works date from the 
mid-seventeenth to the early twentieth centuries. 

We encourage people to read and share the Early Journal Content openly and to tell others that this 
resource exists. People may post this content online or redistribute in any way for non-commercial 
purposes. 

Read more about Early Journal Content at http://about.istor.org/participate-istor/individuals/early- 
journal-content . 



JSTOR is a digital library of academic journals, books, and primary source objects. JSTOR helps people 
discover, use, and build upon a wide range of content through a powerful research and teaching 
platform, and preserves this content for future generations. JSTOR is part of ITHAKA, a not-for-profit 
organization that also includes Ithaka S+R and Portico. For more information about JSTOR, please 
contact support@jstor.org. 



An investigation of the Lines of Curvature of Ellipsoids^ Hyper^ 
boloids and Paraboloids, with a view to the improvement of the 
Theory of the structure and decoration of Domes, By tJie Rev. 
Dionysius Lardner, A. M. M. R. I. A. 

Read June 14, 1824. 

There is no department of architecture in which the principles 
of geometry are more useftiUy or elegantly applied than in the the- 
ory of the structure and decoration of domes. A dome is a vault 
or roof, forming a segment of a curved surface, the concavity of 
which is turned inwards. All horizontal sections should be similar 
figures, and it should be supported by a base of the same figure. 
It is however by no means necessary that the edifice over which the 
dome is to be thrown should be of this figure, for there are 
methods well known to architects, but which would be foreign to 
my present object to enter upon, by which any polygonal base may 
be made to terminate in a circle, or in such other curve as may be 
required. From this curve a cylindrical wall may be erected, on 
which the dome is to be raised. Domes are denominated circular 
or elliptical, according to the base on which they are constructed^ 
which is usually one of these figures. Domes, which rise higher 
than the semitransverse axis of the base, if they be elliptical, or 
than the radius of the base, if they be circular, are called sur- 
mounted dom£s ; those whose altitude is less than the semiconjugate 
axis of the elliptic base, or than the radius of the circular base, are 
called surhased dom^es Elliptical domes of an intermediate altitude 
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are called mean elliptical domes, and a circular dome, whose altitude 
is equal to the radius of the base, is called an hemispJierical dome. 
When the base of the dome, and therefore all horizontal sections 
of it, are circles, it is a surface of revolution, and is commonly called 
cupola. 

The lines of curvature of the domic surface are peculiarly cal- 
culated to suggest not only principles for the construction of the 
dome, but point out the most natural and elegant decorations for 
it ; decorations not depending on the fancy or caprice of the archi- 
tect, but arising necessarily out of the form and properties of the 
surface itself. 

The perpendiculars to the surface passing through the several 
points of a line of curvature, form a surface perpendicular to the 
siuface of the dome. There are two systems of lines of curvature 
on every surface, and the lines of each system intersect those of the 
other system at right angles. If several lines of each system be 
described upon the domic surface, they will divide the whole 
vault into regular and symmetrical compartments, included by 
curvilinear limits intersecting perpendicularly. The perpendi- 
culars to the surface through all these lines will form curved sur- 
faces, which will also intersect perpendicularly, and will divide 
a shell of the vault of any assumed thickness into voussoirs 
bounded by those rectangular curved surfaces. If, however, the 
lines of curvature be drawn sufficiently close, so as to reduce the 
magnitude of these voussoirs to a sufficiently small proportion to the 
entire magnitude of the dome, the bounding surfaces may be con- 
sidered as planes, scil. the tangent planes to the normal developable 
surfaces already mentioned. The magnitude of the voussoirs must 
be regulated by the magnitude of the whole vault, and the peculiar 
nature of the materials of which it is constructed. The decorations 
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of the internal concave surface of the dome^ as well as the 
external convex surface, should be all regulated by the directions 
of the lines of curvature, and by the compartments into which they 
resolve the surface. The position, directions, and general figure of 
these lines should be also attended to in the decoration and structure 
of the hall over which the dome is suspended. The columns, 
cornices, and the other ornamental parts of the building, both in- 
ternal, and internal should harmonize with tliese lines. 

There are in some surfaces points called umbilical points, which 
are so surrounded by the lines of curvature that they all turn their 
concavities towards them. On different sides of these points, there- 
fore, the lines of both systems have their curvatures turned in op- 
posite directions. In the decorations of domes having such points 
they should therefore be attended to, as they must immediately at- 
tract the eye from the peculiar disposition of the compartments of 
the dome which surround them. When such points occur in either 
of the principal vertical sections of the dome, and at any consider- 
able elevation from its base, they would be adapted to receive any 
suspended ornament, such as lamps, lustres^ chandeliers, &c. If 
these points, as is the case in the mean ellipsoidal dome, are placed 
upon the base, they suggest a peculiar disposition in the architectu- 
ral decorations of the lower part of the hall. 

The projections of the lines of curvature upon the floor of the 
hall point out the proper method of disposing its flagging, so as to 
correspond with the decorations already suggested for the other parts 
of the building. The methods of ornamenting an edifice, thus de- 
duced necessarily from the very nature of the structure, while they 
set no limit either to the richness or the quantity of ornament, 
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dispose it in a manner simple and graceful, and calculated to dis- 
play the peculiar nature and construction of the edifice itself. 

The most common species of dome is a cupola, but it is far from 
being that which admits of the richest decoration, or which pro- 
duces the most pleasing effect. If the building be low, and the 
base elliptic, a surbased ellipsoidal dome is probably the most ele- 
gant. If it be more elevated, it is necessary that the dome should 
be surmounted, because the encreased elevation will necessarily di- 
minish the apparent vertical height. The surfaces of domes are 
always however segments either of an ellipsoid, hyperboloid, or pa- 
raboloid. Of each of the latter surfaces there are two species, one 
only of which seems fitted for domes. I propose, in the following 
paper, to investigate the lines of curvature of these surfaces. Those 
of the ellipsoid have already been determined by Monge ; however, 
as they can be all ultimately derived from the integration of the same 
equation, I shall include the ellipsoid to render the present investi- 
gation complete. 

Of the lines of curvature of surfaces of the second degree. 

The equation of those surfaces which have a centre related to the 
principal axes as axes of coordinates is 

A;^'^ + Ay + aV + p = 0- 

To determine the differential coefficients of the first and second 
order, let this equation be differentiated considering ^^ as a function 
of poy ; the results will be 

dz ^ 

da? Az 
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dz _ A'y 
rfy ~ Hz 

cfcp dy A V 

Those surfaces, which have no centre, are represented by the 
equation 

xy + aV + 2 c"« « 0. 

The principal axis being the axis of z, and the plane of xy being 

a tangent plane through the vertex of the surface. 

The differential coefficients of the first and second order are, in 
this case 



dz 


k"x 


da; 
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dz 
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= 0. 
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a' 
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dtf« 


cT 



Let these five coefficients be expressed by p, q^ r, 9, t, and let 
their values be substituted in the equation 
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dy 



(See Lacroix's Differential and Integral Calculus, 4to. Tom. I. p. 
576, 2d edit,) The result of this substitutioa will, for central 
surfaces, be 



\{v A — a'* y a'a'Xa — A') xy ) dx a — a' 



^_{y A—. 

dx'' 



having eliminated z^ by means of the equation of the surface. The 
substitution, for the surfaces which have no centre^ gives 

^' (y A\^ c-^ (A--A-) Y dy a;-^ 

dx^ \w A' y aV'^fj/ ) da'^ a'^ 

These two equations are of the same form, and may therefore be 
integrated by the same methods* Let them be represented by the 
general form 

^_(l_e5+i:)^_e = (A) 
dcv \x y xy/ dx ^ v y 

In which e = - — -r and / = ^.>" ]I for surfaces having a 

A—— A A A \^A— 'A ) ^ 

a" c"*Ca" ^aO 

centre, and e= -rand/ = — ^ ,g ,, . for surfaces having no centre. 

A A Jl. 

This might be integrated by resolving it into it® £ictor», but 
more elegantly by ascending to a differential equation of an higher 
order. For this purpose let this equation be differentiated. The 
result is 
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By this and the first equation the constants e and/ being elimi- 
nated, we find 

^y ^y + dy (xdy — ydad) = 

Dividing this by a?* it becomes 

X ^ ^ X 

-r y ^ ^dy — v^^ T* 1 • ... 

Let z = - ••• dz = — ^-^ — • By t"is substitution the equation 

becomes 

zd^ + dydz = 

This being integrated gives 

zdy ^ Mdx 

M being an arbitrary constant. Substituting for z its value^ the 
equation becomes 

ydyzziiscdx. 
The integral of this is evidently 

y = MO?* + N 
N being a second arbitrary constant This is the equation of an 
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ellipse or hyperbola according as m < or > 0. It is concentric 
with the ellipsqid and its axes coincide with those of x and y. 
Let its axes be a' and b\ Tlie equation expressed in these terms is 

To determine the axes let this equation be differentiated 

dy t^x 

dx "" d^y 

EHminating3^ and -^ by these equations and (^k) the result will be 

Subject to this condition the axes may be of any magnitude. Since 
V and a' are the coordinates of the vertices of the angles of the rec- 
tangle circumscribed round the axes of each of the ellipses or hyper- 
bolas^ which are the projections of the lines of curvature upon the 
plane xyy it follows that the locus of these points is a curve repre- 
sented by this equation, h and d being coordinates measured upon 
the axes of x and y. Hence it appears that the two equations 

determine all the lines of curvature. The first determines the pro* 
jections of the points of any one line of curvature corresponding to 
any system of values of d^ and b'^ and the second determines the 
various systems of values of these last quantities. 

If A' = a", e = 1 and /= and the equation (a) becomes 
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The integration is in this case more simply effected by resolving 
the equation into its fitctors^ which are manifestly 

dx +7=0 
These equations being integrated give 

y« + x^ = r^ 

a and r^ being arbitrary constants. The first, for each value of a, 
is the equation of a right line through the origin. The second, for 
each value of r% is the equation of a circle of which the origin is 
the centre. As these constants are not restricted by any condition, 
it follows that all right lines whatever in the plane xy passing 
through the origin, and all circles described upon the same plane, 
with the origin as the centre, are projections of lines of curvature, 
provided that there are points of the surface corresponding to the 
points on the plane xy, through which these right lines and circles 
pass. The condition a' = a'' renders the surface, one of revolution 
round the axis of z. If therefore it be an hyberboloid or parabo- 
loid all circles and right lines whatever thus drawn are actual pro- 
jections of lines of curvature, since these surfaces have unlimited ex- 
tent. But if the surface be an ellipsoid, the greatest circle which 
can be a projection of a line of curvature is the section of the sur- 
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face by the plane tvy itself^ wbich is therefore a line of curvature. In 
this case, therefore, the real prcijections of the Hues of curvature are 
the radii of this circle and all circles concentrical with it and in- 
cluded within it. 

If the equation of the sur&cei^ which h«ve a centre be ex- 
pressed in terms of their semiaxes it will be 

aV«* + a«cy + 6 W = a^i V 

If the surface be an ellipsoid a% l^, c^ will be all positive. 

If it be a double-surfaced hyperboloid tf and b^ are negative, and 

c^ positive^ 

If it be a single-surfaced hyperboloid a^ and t* are positive, and c^ 
negative. 

The equation of the surfaces which have no centre may be ex- 
pressed 

i^ + m^ » pz 

where m expresses the ro^tio of the squares of the a^sces of all elliptic 
or hyperbolic sections perpendicular to the axis, and p the para- 
meter of the parabolic section of the surface by the plane yz. 
Since therefore for the surfaces having a centre 

A = a^b^ A' = aV V' = i«c2 F^—a'bh^ 
it Mows that 



^^ A— a' ^ a^Cft'—cO 
"^ "* aVCa — a') "" ^ -ib^— c^ 
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For the sur&ces which have no centlre, ArrO^ a'= 1, A"=m, c" = — ^ 

a" 

•'^ ~ a'V ~ 4* m 

we shall consider 3a the greatest axis and Sc the least, in surfaces 
Vfdiich have a centre. Alsom will be considered greater than unity 
and p positive. These suppositions, while they simplify the investi- 
gation, do not impair its generality. 

Prop. 

To determine the lines of Curvature of the BUHpsoid. 
The equation of the ellipsoid is 

The quantities e and/ are therefore 






Since a > b and 6 > c the quantities e and/are essentially positive. 
To determine the lines of curvature it ivill be necessary to in- 
vestigate the loci of the equations 

p2 
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There are four cases to be considered^ according to the di£ferent 
signs the arbitrary constants d^ and b^ may assume. There are 
however two of these cases in which one of the loci is impossible 
If a^ < and V^ > 0, the second equation is impossible^ for it would 
equate the sum of two quantities essentially negative with a quantity 
essentially positive. As therefore the equation of condition between 
the constants d^ and b*^ cannot under these circumstances be fulfilled;, 
there can be no corresponding lines of curvature. If d^ and V^ be 
both negative the first equation is impossible^ and therefore there is 
no corresponding lines of curvature. The only cases therefore 
which remain to be investigated are where d^ and h'^ are both posi- 
tive, or V^ alone negative. 

If d^ and V^ be both positive the first equation represents an el- 
lipse, and the second an hyperbola. If i'^ < the first represents 
an hyperbola, and the second an ellipse. The semiaxes of the eU 
lipse and hyperbola represented by the second equation are 

a' = a. 



With these common axes let an ellipse and hyperbola be described 
upon the plane xy. With the coordinates of any point of the ellipse ae 
semiaxes, let an hyperbola be described upon the same plane, having 
its axes coincident with those of the surface, and with the coordi- 
nates of any point in the hyperbola as axes, let an ellipse be de- 
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bribed in the same imaiiien. The ellipse and hyperbola thus de« 
scribed will be the projections of lines of curvature of the given 
dlipsoid^ and in the same manner the projections any number of such 
lines of curvature may be found. The ellipse and hyperbola with 
the common axes 2a^ and 2b' maybe denominated the directrices of 
the lines of curvature. 

The greatest axis of the ellipsoid being 2aj and the least 3c, it fol- 
lovi^ that a^— i^ < a^ — c^ ; and therefore ^ < a. Hence the com- 
mon vertices of the directrices fall within the ellipsoid. 

Let aba'b' (Fig 1) be the section of the ellipsoid by the plane of 
sgy, £md CA=:a^ cb = b* And upon ca assume ca s a' and upon 
CB produced^ cb = m\ Let the ellipse ahdV be described and the 
hyperbola^ nad, Tfdd\ with the same axes. Any point p being assumed 
in the ellipse aba'U and its coordinates pwi, pm' being drawn; let 
an hyperbola be described with the lines cm as semitransverse axis 
and cm! as semiconjugate axis. The branches of this hyperbola 
will be the prelections of two lines of curvature Let tangents be 
drawn through the vertices a,a' of the elliptic section, and any 
point p on the hyperbolic dinectrix, between these tangents Tt and 
tY be assumed. The coordinates pm, pm' of this point being drawn> 
let an ellipse be described with cm and cm' as axes. This ellipse 
will be the projection of another of the lines of curvature upon the 
plane xy. 

In like manner other points being assumed upon the ellipse aba^V 
or hyperbola tor, any number of lines of curvature may be deter- 
mined. As the point assumed upon the ellipse approaches the ver- 
tex hy the coordinate cm diminishes and cm' increases^ therefore the 
transverse axis of the hyperbola contini^ally diminishes, and the 
conjugate axis continually approaches to equality with bb\ When 
the vertex b itself is the assumed point, the transverse axis va- 
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nishes, and the conjugate axis becomes equal to hUy with which both 
branches of the hypCTbola coincide. Hence the axis M' is the pro- 
jection of one of the lines of curvature, which must therefore be the 
section of the surface by the plane yz. 

As the assumed point approaches the vertex a, cm increases and 
cm' diminishes, therefore the transverse axis of the correspmiding 
hyperbda continually increases, and the conjugate axis diminishes. 
When the assumed point is the vertex a itself, the conjugate axis 
vanishes, the transverse axis is ady and the branches of the hyper- 
bola closing become coincident with the right lines ax and aV. 

As the point p assumed upon the hyperbolic directrix approaches 
the vertex a, the conjugate axis of the corresponding ellipse dimi* 
nishes as well as the transverse axis. When p coincides with the 
vertex a, the conjugate axis of the ellipse vanishes, and the transverse 
axis becomes equal to aa' with which the ellipse itself coincides. 
This axis of the surface being therefore the projection of one of the 
lines of curvature upon the plane wy, this line must be the section 
of the surface by the plane xz. 

As the point p approaches the tangent Ti, the axes of the corres- 
ponding ellipse both increase. When p coincides with the tangent 
at T the axes become equal to those of the ellipse aba'b', with which 
the ellipse then coincides. This ellipse therefore, the section of the 
surface by the plane xy^ is one of the lines of curvature. 

When the point p passes the tangent, the corresponding ellipse in-^ 
eludes the given surface within it, and therefore cannot be the pro- 
jection of any line in the surface. 

It is plain that the transverse axes of all the hyperbolas which are 
projections of lines of curvature are less than aa'y the common axis 
of the directrices ; and all the transverse axes of the ellipses which 
are projections of lines of curvature, are greater than the same line 
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ad. Hence it appears that the concavities of all these curves must 
be presented towards the points a, a'. The major limit of the con- 
jugate axes of the hyperbolas is cfi, and that of the similar axes of 
the ellipses is cb. The points a, a' are the projections of four points 
of the surface towards which the concavities of all the lines of cur- 
vature are turned. These points are upon the section of the surface 
by the plane .10. This section bein^ itself a line of curvature all 
other lines of curvature which meet it intersect it at riffht 
angles. The projections of those which intersect it between the ver- 
tices of the axis 2c and the points whose projections are a, aV are 
hyperbolas. The projections of those which intersect it beyond 
these points are ellipses. Thus the lines of cur^'^ature perpendicular 
to the section by the plane x% change their species as they pass these 
points, presenting their concavities on both sides towards these 
points. These are called umbilical points of the surface. 

The umbilical points of any surface may be detertnined by con- 
sidering that they are those points at which the two lines of curva- 
ture interchange their species, and at which they therefore coincide. 
To find these points it will be only necessary to investigate under 
what circumstances the roots of the equation which determines 

dy 
the value of ^for the lines of curvature, are equal. In the present 

case this equation is 

dx^ l^b' y (jcyy do) 
The condition of the equality of the roots is 
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Since e is a quantity essentially positive, this condition can only 
be fulfilled by 

If i/ = and therefore ^r — V — these are the coordinates of 

€ 

the umbilical points already determined, li x=Q .\y —^—f. 
Since/ is positive, this value of y is imaginary. Hence there are 
but the four umbilical points already determined in the ellipsoid. 

The delineation of the projection of the lines of curvature of the 
ellipsoid upon the plane of the greatest and mean axis is represented 
in Fig. 2. 

To determine the projections of the lines of curvature upon the 
plane xz, let y be eliminated by the equations 






This elimination being effected, and b^ eliminated by the equation 

The result is 

Tlie process of elimination will be facilitated in this case by con- 
sidering that 

b^ ^f== a'e. 

The equation thus obtained is that of the projection of the lines 
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of curvature upon the plane wz. The quantity a ^ is variable, and 
for each value of it there is a distinct line of curvature. Since it has 
been already proved that d^ can never exceed a% it follows that a^ — tf^ 
> 0, and therefore that all these projections are ellipses. Let aV be 
the semiaxes of any of them corresponding to any proposed value of 



a''2 = 



~r 



Eliminating by these equations the variable quantity a'^, the result is 

or c2(a«— 60«''' + «' (&'— c«) c''^ = a^c^Ca^— c^; 

Considering aV as variable coordinates this is the equation of an 
ellipse, since a* — b^ > and b^ — c«>0. This is the elliptic 
directrix for determining the projections of the lines of curvature 
upon the plane of the greatest and least axes of the ellipsoid. 

This equation might have been derived at once from the equation 
(page 86^ for the projections of the lines of curvature upon the plane 
xy by changing b into c and v. v. The result here however is some- 
what different from the former. In the present case the lines of cur- 
vature are all projected into ellipses, and there is only an elliptic di- 
rectrix to determine them. The projections of the lines of curvature 
are therefore all determined by the equations 

i?QjP—b^) qT^ + a^ {b^—c^^ e^ =: aV (a«— c^. 

VOL. XIV. « 
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Let A" and c" be the senuaxes of ^ elliptic directrix 



A" = a 



v/tf*-^ 



Since a^ — c^ is greater than either c? — h^ or W — c^ it follows that 
a" and d' are greater than a and c respectively. On the axes of x 
and z assume portions equal to a" and c ', and with these as axes let 
an ellipse be described. This ellipse will determine the several el- 
lipses which are the projections of the lines of curvature iti the same 
manner as the hyperbolic directrix determined the projections upon 
the plane of osy. The limits of these ellipses are those which ul- 
timately coincide with the axes of the elliptic directrix. As t' di- 
minishes d' approaches to equality with a'', and the corresponding 
ellipse continually becomes more eccentric until it flattens into a right 
line when d' vanishes. Similar observations apply to the other axis 
when d' vanishes. It is obvious that all the ellipses which are pro- 
jections of the lines of curvature are included within the elliptic di- 
rectrix. 

The elliptical section by the plane ooz is itself one of the ellipses 
given by the equation ; for if d' = a c''= c. Those ellipses in which 
o"< c divide the elliptic section into zones in the direction of the 
axis 2a, and those in which c''> c divide into zones in the direction 
of the axis 2c. These are therefore the prqections of the lines of 
curvature perpendicular to the former. 

If the inscribed lozenge be formed ih the elliptic directrix by 
connecting the extremities of its axes, the four Sidfes of this vrill be 
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tangents to all the ellipses which are projections of the lines of cur- 
vature. For let d' be eliminated by the equations 

The result is 

a%^c'''' + (fc^x^—a^b^z^'—ea''c^^ c"2+ ea'^c^z^ = 

considering c" variable, this equation represents all the ellipses which 
are projections of lines of curvature. To determine the equation 
of the lines which enclose the space occupied by these ellipses let 
this equation be differentiated, considering c'' as variable, the result 
of which is 

2a'i6V'2 +/c«^— a^fiV— eaV = 

Eliminating c" by this and the former. 

This can obviously be resolved into the factors 

And these again may bQ resolved into the simpW factors 

i/f. c:x!+abz — ^7. q?c = 

ijf. ex — abz+^/€. a^c =0 

i/f, ex + qbz+^Cs aH = 

— V^/ ex + abz+^7. a^e = 

q9 
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These are the equations of the sides of the inscribed lozenge in the 
directrix. 

The section of the surface by xz being itself one of the lines of 
curvature, this lozenge circumscribes it like the others. The points 
of contact of the sides of the lozenge with it may be found by 
eliminating z by their equations. The result is 



«=*V2 



Hence the points of contact are the umbilical points of the ellip- 
soid. 

The delineation of the projections of the lines of cuiTature of the 
ellipsoid on the plane of the greatest and least axes, is represented 
in Fig. 3. 

Prop. 

To determine the lines of curvature of the dovhle mrfaced 

hyperboloid* 

The equation of this curve may be derived from that of the el- 
lipse by changing the signs of a^ and b\ It is therefore 

The quantities in the last proposition expressed by e and/ become 
in this case 

_ bXa' + c') 
^^aXb' + c') 

b\a^-b^) 
^"" b^ + c* 
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Since a^ >k*,f is essentially negative. The lines of curvature pro- 
jected upon the plane o:;^ are represented by the equation 

where d^ and h'^ are connected by the relation 

The semiaxes of the directrices are 



A s:a 



%/a^+c^ 



B = ft 7 

The transverse axis of the hyperbolic directrix coincides in this case 
with the axis 2&» The equation of the elliptic directrix being 

and that of the hyperbolic 

aY_b V = a'^b'^ 

With these common axes let an ellipse and hyperbola be described 
upon the plane wy. As before with the coordinates of the points of 
the hyperbola as semiaxes ellipses being described^ and with those 
of the points of the ellipse as semiaxes hyperbolas being described, 
these ellipses and hyperbolas are the projections of the lines of cur- 
vature upon the plane jjy. 

Let ca, chy (Fig, 4) be the semiaxes of the directrices, and let any 
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point p he assumed upon the ellipse ; and with its coordinates cm and 
cm' as semiaxes let an hyperhola be described, and a point p being 
assumed upon the hyperbolic directrix let an ellipse be described 
with the coordinates cm and cm. The ellipse and hyperbola thus 
described are the prcgectiqns of lines of curvature, and in the 
same manner any number of such projections may be drawn. 

As the point p recedes from the vertex of the hyperbolic direc- 
trix, the elHpses continually increase, and they diminish indefinitely 
as it approaches that point. When p coincides with by one axis of 
the ellipse becomas equal to bb\ and the other vanishes, and the 
ellipse coincides with the right line bb\ Thi§ line being therefore 
the projection of one of the lines of curvature, the section of the 
surface by the plane j/z must be that line. 

As the point p passes through B, and proceeds in the elliptic arc 
bp, one axis continually diminishes, and the other increases. The 
projections also change their species and become hyperbolas* The 
transverse axs of the hyperbola cqn^iniaaUy diminishes as the point 
approaches a, and vanishes when p coincides witli a. The hyper- 
bola then extends itself into a straight line, and coincides with the 
axis aa\ This being the projection of the section of the surface by 
the plane xz^ that line is one of the lines of curvature. 

The points by V correspond to four umbilical points upon the hy- 
perboloid- As in the ellipse the lines of curvature change their spe- 
cies in passing through these points, and their concavities are every 
where turned towards them. 

The delineation of the projections of the Imes of curvature of 
the doub e surfaced hyperboloid upon the plane of its imaginary 
axes i& represented in Fig. 5. 
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Paop. 

To detemUne the Uma of curvature of the nngle-aurfaced 

Hyperholoid. 

The equation of the ellipsoid may be changed into that of this 
curve by making c* negative, by which it becomes 

By thk cMidition we hove also 

^^^o'Cfi' + c'^ 



fc« + c« 

The equation of the projection of the lines of curvature is the same 
as in the case of the ellipse, and the quantities a'^ b** subject to the 
same condition. 

The semiastes of the directrices are in this case 

A = a. 



B' = fc. 



^a?^b^ 



Since a' < a the vertices of the axis 2a' of the directrices must fall 
within those of the section of the surface by the plane a;y. 
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Let ca = A', cb = b', (Fig. 6) and let the directrices be described 
with these lines as axes. Any point p in the elliptic directrix being 
assumed, and its coordinates drawn, with these, cm and cm', let an 
hyperbola be described ; this will be the projection of one of the 
lines of curvature. In like manner a point p in the hyperbolic di- 
rectrix will determine an ellipse, which will also be a projection of a 
line of curvature. As the point p approaches b the transverse axis 
of the hyperbola diminishes and vanishes when p coincides with b. 
At this point the projection of the line of curvature is the axis bb% 
and therefore the section of the surface by the plane yz is a line of 
curvature. When p coincides with a, or (t the hyperbola closing 
its branches, becomes a straight line and coincides with the axis aa\ 
So that the section of the surface by the plane xz is a line of curvature* 

It may be observed generally, that those parts only of the ellipses 
hyperbolas and right lines thus determined, are actual projections of 
the lines of curvature, which fall outside the elliptical section of the 
surface by the plane xy ; for the value of z for every point within 
this elliptical section is impossible. Hence it follows that although 
at the points a, a' the projections of the lines of curvature change 
their species, and although all their concavities are turned towards 
this point, there is no corresponding umbilical point in the surface. 

The delineation of the projections of the lines of curvature of the 
single-surfaced hyperboloid upon the plane of its real axes is repre- 
sented in Fig. 7. 

Prop. 
To determine the lines of curvature of the elliptic Paraboloid. 
The equation of this surface is 

y^+mx^ = pz 
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in Tuhich tn is positive and > !• If p > 0, the surface lies on the positive 
side of the the origin^ and if /> < on the negative side. As this 
is a mere variety in the position of the surface^ and none in its species 
or properties, it is unnecessary to investigate more than one of the two 
cases. Let p be therefore assumed positive, and the surface con- 
sequently on the positive side of the origin. 

The equations which determine the lines of curvature being 

in which 

e = m 

^® m — 1 



/=f 



m 



The quantities e and / are essentially positive, and the squares of 
the semiaxes of (he directrices are 

4 w* 
/2 p^ mr— 1 
4 m 

Hence a'^wi = b'^ and therefore the elliptic directrix is similar to the 
sections of the surface by the planes perpendicular to the axis, for 
m is the ratio of the squares of the axes of each of these sections. 
Let ca =z a', cb = b' C^ig. I.) and with these semiaxes let an el- 
lipse and hyperbola be described. With the coordinates of each 
point of the ellipse as semiaxes let hyberbolas be described and with 
those of each point of the hyperbola let ellipses be described, these 
curves will be the projections of the lines of curvature as in the 
case of the ellipsoid. The extremities of the axis aa' of the direo- 

TOL. XIV. B 
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trices are the projections of two umbilical points upon the plane 
xy. These points are therefore in the parabolic section of the 
surface by the plane wz. Since the values of x for these points are 

V ^m I 1 V ^ — 1 

± -^^- and y= 0, .% 2 = -r- — -— • Hence to find the umbili- 

cal points let a section of the paraboloid be made by a plane per- 
pendicular to the axis at the distance ■£-• from the vertex ; thit 

section will be an ellipse, and the umbilical points will be at the ex- 
tremities of its lesser axis. 

The delineation of the projection of the lines of curvature of the 
elliptic poraboloid upon a plane perpendicular to its axis is similar 
to that of the ellipse, and is represented in Fig. 2. 

Prop. 

To determine the lines of Curvature of the Hyperbolic Paraboloid. 

The equation of this surface is 

y* — TOo;^ =r — pz 
In this case, as before, to may be considered > 1 and p > 0. 

e = — TO 

•^ 4 • m 
The lines of curvature are to be determined by the equations 

ma^ + b^^ — ^* 
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To fulfil the last equation it is necessary that d* and V* should have 
different signs. In this case the directrices are therefore two 
conjugate hyperbolas, the squares of the semiaxes of which are 

4 m* 

4 m 

Since a^otss b'* these hyperbolas are similar to the hyperbolic 
sections of the paraboloid perpendicular to the axis. 

With a' and b' as semiaxes> let conjugate hyperbolas be described. 
Let ca= a' (Fig 8.) and eft = b'. The coordinates of any point p 
in either hyperbola being drawn, let an hyperbola be described with 
these as semiaxes, the transverse semiaxis being that which coincides 
with the second axis of the directrix. This will be the projection 
of one of the lines of curvature. In like manner points assumed in 
the other hyperbola will determine another system of hyperbolas, 
which are the projections of the other system of lines of curvature. 
As the points p approach the vertices a and 6, the hyperbolas approach 
the axes ad and W extending themselves nearer to the axes of a; and 
«, until the actual coincidence of the points p with a and h, 
when the hyperbolas actually become these lines. Which proves 
that the two sections of the surface by the planes xz and yz are lines 

of curvature. 

The general delineation of the projection of the lines of curva- 
ture of the hyperbolic-paraboloid upon a plane perpendicular to the 
axis b represented in Fig. 9. 




be e 












5 




5k 


|\: 




h 






"^ 


--n\ \ 


"--^ 






~ 




1 


— --1^ 
































/ 


. 






^ 


t 


( 


*'. 







n 




/ 


"•■•... \ 


/'= 


V 




s 




r„ 


l^'rQ ^ 




J 


'■■■■■:... 


/ \ 

../ \ 


\ 


/ 


/ 


^O 




\ 



.■;:; 


-C 


■3 


O 






Pn 


T 


fl^ 


T5 




i 


A 


tS 







rH 


5 


1 


us 

1 




« 
ri5 



u 



gg 







■I * 


V - 


ri a; 


/\ 


=+^ A 


' \ 


c t- 




fl ^ 




■I ? 




•J «i 




^ % 


^ 


hi 


e 



